Let G be a graph and let s be a vertex of G. We consider the structure of the set of all lifts of two edges incident with s that preserve edge-connectivity. Mader proved that two mild hypotheses imply there is at least one pair that lifts, while Frank showed (with the same hypotheses) that there are at least (deg(s) − 1)/2 disjoint pairs that lift. We consider the lifting graph: its vertices are the edges incident with s, two being adjacent if they form a liftable pair. We have three main results, the first two with the same hypotheses as for Mader's Theorem. (i) Let F be a subset of the edges incident with s. We show that F is independent in the lifting graph of G if and only if there is a single edge-cut C in G of size at most r + 1 containing all the edges in F , where r is the maximum number of edge-disjoint paths from a vertex (not s) in one component of G − C to a vertex (not s) in another component of G − C.
Liftings in finite graphs and linkages in infinite graphs with prescribed edge-connectivity For distinct vertices x and y in a graph G, λ G (x, y) denotes the maximum number of pair-2 wise edge-disjoint xy-paths in G. We shall assume that x and y have a target connectivity 3 τ G (x, y) ≤ λ G (x, y). In the cases of immediate interest, either τ G ≡ λ G or τ G is constant, 4 but the target unifies and generalizes both these particular cases.
5
Let s be a vertex of G and let sv and sw be two edges incident with s. The lift of G 6 at sv and sw is the graph G v,w obtained from G − {sv, sw} by adding the edge vw.
7
The lift of G at sv and sw is τ G -feasible if, for every pair x, y of distinct vertices in 8 G−s, λ Gv,w (x, y) ≥ τ G (x, y). We will just say feasible, since τ G will always be understood.
9
Let s be a vertex in a graph G that does not have degree 3 and is not incident with 10 an isthmus. (An isthmus is an edge whose deletion from G increases the number of 11 components.) Mader [5] proved (for target λ G and therefore for any target) that there
12
is always a feasible lift in G using two edges incident with s. Frank [3] extended this to 13 show that there are deg(s)/2 pairwise disjoint such feasible pairs.
14 For any subset A of V (G), we set δ G (A) to be the set of edges of G having one there is a dangerous set A such that v, w ∈ A.
24
Henceforth, all considerations are in G, so we write δ(A) instead of δ G (A).
25
The first of our three main results is the following. The "if " part of the statement is 26 trivial; the "only if " is proved in the next section.
27
Theorem 1.1 Let G be a graph and let s be a vertex of G that does not have degree 3
28
and is not incident with an isthmus. Let F be any set of at least two edges, all incident 29 with s. Then no pair of edges in F yields a feasible lift if and only if there is a dangerous 30 set A so that, for every sv ∈ F , v ∈ A.
31
Let G be a graph, let s be a vertex of G, and let τ be the edge-connectivity target partite graph (in particular, it has a disconnected complement).
52
If either L(G, s, k) is not connected or both deg(s) and k are even, then any component 53 of L(G, s, k) with at least 4 vertices is not a star K 1,r .
54
A graph G is weakly k-linked if, for any sequences x 1 , x 2 , . . . , x k and y 1 , y 2 , . . . , y k of
55
(not necessarily distinct) vertices of G, there are k edge-disjoint paths P 1 , P 2 , . . . , P k such 56 that P i has ends x i and y i . By choosing all the x i to be the same vertex and all the y i to be 57 the same vertex, we see that any weakly k-linked graph is k-edge-connected. Thomassen
58
[7] conjectured that, when k is odd, the converse holds. incident with s so that none of the lifts of {sa, sb}, {sa, sc}, and {sb, sc} is τ -feasible.
93
For {x, y, z} = {a, b, c}, let D x be a dangerous set containing y and z. Then either s has and c are all distinct. We consider two cases.
98
Case 1: For at least one of the pairs
holds in Lemma 2.1.
100
We may choose the labelling of a, b, and c, so that
102
As each term on the right side is at most 1, the left-hand side is at most 2. If
dangerous, then we are done, so we may assume σ(D a ∪D b ) ≥ 2. Therefore, the right-hand
108
Since σ(D a ∩ D b ) = 0, the right side is at most 1 and, therefore, (
dangerous, and we are done. Therefore, we may assume Lemma 2.1 (2.1.2) applies to
(It is evidently not empty, as it contains a and b.)
On the other hand, the labelling for this case shows
Consequently, Lemma 2.1 implies
We claim that either sa or sb is an isthmus of G. We have just seen that (
is dangerous, so,
We may choose the labelling of a 129 and b so that the former holds.
Therefore, sb is an isthmus, completing the proof in Case 1.
131
Case 2: For every one of the pairs
Lemma 2.1.
133
The assumption of the case implies that, for example,
is dangerous. Since this does not contain c, we could set 
there is only one edge from s to each of a, b, and c. Also, it follows that |δ(
If s is not incident with an isthmus, then, for every component
153
If the degree of s is not 3, then we conclude that G − s has at least two components. 
is dangerous, as required.
160
The proof of Theorem 1.1 is now quite simple. 
we are done, so we may assume neither of these containments occurs.
166
Because su k−1 and su k do not make a feasible lift, there is a dangerous set A containing 167 both u k−1 and u k ; among all such dangerous sets, we choose A to be maximal. If, for every 168 i ∈ {1, 2, . . . , k−2}, u i ∈ A, then we are done. Otherwise, there is some i ∈ {1, 2, . . . , k−2}
We apply Lemma 2.2 to the pairs {u i , u k−1 }, {u i , u k }, and {u k−1 , u k } and the sets A,
171
A k−1 , and A k . We conclude that there is a dangerous set A * containing all of u i , u k−1 ,
172
and u k and also containing one of A, A k−1 , and A k .
173
If A ⊆ A * , then, since u i ∈ A * \ A, we contradict the maximality of A. Therefore, In this subsection, we give a few elementary general arguments used later for describing 186 the lifting graph. The first arguments are based on standard methods for "crossing cuts".
187
Let A 1 and A 2 be two subsets of V (G). It is an easy exercise to verify that, where
are non-empty and G is k-edge-connected. In that case, the right-hand side is at least 4k. 
195
We will apply a slightly more sophisticated consequence of Equation 3.1.
196
Lemma 198 let F i be an independent set in L(G, s, k) of size r i and suppose there is a dangerous set
201
Proof. Observe that:
From Equation 3.1, we deduce that
Rearranging, we see that deg(s) + 4 ≥ 2(r 1 + r 2 ). Since every term except possibly deg(s)
207
is even, deg(s)/2 + 2 ≥ r 1 + r 2 , as required.
208
Our final preliminary result gives our first glimpse of some structure in L(G, s, k). Proof. We only prove the second assertion. Suppose both pairs e 1 , e 2 and e 1 , e 3 are not 238 feasible. Then there are dangerous sets A 2 and A 3 so that the non-s ends of e 1 , e 2 are in
239
A 2 and the non-s ends of e 1 , e 3 are in A 3 .
240
By definition, |δ G (A 2 )| ≤ k + 1, while the hypothesis implies |δ G (A 2 ∪ {s})| ≥ k. 3.1).
247
We comment that the proofs of Proposition 3.4 and Equation 3.1 also imply that, 
deg(s) = 5 253
In this subsection, we prove the following, dealing with the case deg(s) = 5.
254
Proposition 3.6 Let k be a natural number, and let G be a graph with a vertex s such that 
258
Proof. Lemma 3.3 (3.3.1) implies the largest independent set in L(G, s, k) has size at 259 most 3. We break the proof into two cases.
260
Case 1: L(G, s, k) contains an independent set of size 3.
261
Let F be an independent set in L(G, s, k) of size 3 and let A 1 be a dangerous set in
262
G so that the non-s ends of the edges in F are all in A 1 . As there are only two edges 263 incident with s and not in F , they both have their non-s ends in
264
In particular, |δ G (A 1 )| = k + 1 and |δ G (A 1 ∪ {s})| = k, so the two edges in δ({s}) \ F are 265 also independent in L(G, s, k).
266
Suppose e 1 ∈ F and e 2 ∈ δ({s}) \ F do not form a feasible pair and let A 2 be a 267 dangerous set that witnesses this. As in the preceding paragraph, there are at least two 268 edges in δ({s}) \ {e 1 , e 2 } having their non-s ends in A 2 ; at least one of these is in F \ {e 1 }.
269
Thus, there is at least one edge from s to each of A 1 ∩ A 2 (namely, e 1 ), A 2 \ A 1 (e 2 ),
270
and A 1 \ A 2 (the one at the end of the preceding paragraph).
271
If A 1 ∪ A 2 ∪ {s} = ∅, then Lemma 3.2 implies 3 + |δ({s}) ∩ δ(A 2 )| ≤ 4. But e 1 , e 2 ∈ 272 δ({s}) ∩ δ(A 2 ), so we deduce that A 1 ∪ A 2 ∪ {s} = ∅.
273
It follows that both edges in δ({s}) \ F have their non-s ends in A 2 \ A 1 . Thus, 274 |δ({s}) ∩ δ(A 2 )| ≥ 3. Since A 2 is dangerous, Lemma 3.3 implies |δ({s}) ∩ δ(A 2 )| ≤ 3.
275
Therefore there are also two edges in δ({s}) with ends in A 1 \ A 2 .
276
An immediate consequence of the preceding is that e 1 has no feasible lift with any 277 other edge in δ({s}). Frank's Theorem implies that there is at most one edge incident 278 with s that is not in any feasible pair. It follows that e 1 is the only such edge; now 279 applying the above argument to another edge e 1 in F \ {e 1 } and an edge e 2 in δ({s}) \ F
280
shows e 1 , e 2 is a feasible pair.
281
We conclude that, in the event there is an independent set of size 3 in L(G, s, k), 
Case 2: every independent set in L(G, s, k) has size at most 2.
284
Suppose there are three edges e 0 , e 1 , e 2 in δ({s}) such that neither e 0 , e 1 nor e 0 , e 2 is a 285 feasible pair.
286
(F1) The assumption of this case implies e 1 , e 2 is a feasible pair.
287
For i = 1, 2, let A i be a dangerous set containing the non-s ends of both e 0 and e i .
288
Because we are in Case 2, none of the three edges in δ({s}) \ {e 0 , e i } has an end in A i .
289
Thus, each of these three edges has an end in A i ∪ {s}. Since these three edges do not
Moreover, there is precisely one edge from δ({s}) having an end in each of A 1 ∩ A 2 293 (e 0 ), A 2 \ A 1 (e 2 ), and A 1 \ A 2 (e 1 ). Therefore, the remaining two edges have their non-s 294 ends in A 1 ∪ A 2 ∪ {s}.
295
Since {e 0 , e 1 , e 2 } is not an independent set of size 3, A 2 ) , and δ G−s (A 1 ∪ A 2 ∪ {s}) has size at least It follows that, for k even, e 0 , e 1 , and e 2 do not exist, so L(G, s, k) is complete multi-300 partite.
301
In the case k is odd, |δ G (A 1 ∪ A 2 ∪ {s})| = k + 1, showing the following.
302
(F2) The pair e 3 , e 4 of edges in δ({s}) \ {e 0 , e 1 , e 2 } is not feasible.
303
On the other hand, (F2) implies the pair of edges e 2 , e 4 in δ({s}) \ e 1 , e 0 , e 3 is not 306 feasible. Now using e 2 , e 0 and e 2 , e 4 , we conclude from (F1) that e 0 , e 4 is feasible.
307
Finally, (F1) and the infeasible pairs e 3 , e 1 and e 3 , e 4 show e 1 , e 4 is feasible, and anal-308 ogously e 2 , e 3 is feasible. In this case, L(G, s, k) is C 5 . 
The inductive step

318
In this subsection, we proceed with the induction to complete the proof of Theorem 1.2.
319
e 0 e 2 is an edge of K, yet e 1 e 2 is an edge of K.
366
Lift e 1 , e 2 to obtain the graph G . By the induction, is not a star, as required.
380
We conclude this section with 14 In this section we prove Theorem 1.3: if k is odd, then a (k + 2)-edge-connected, locally
386 finite, 1-ended, infinite graph G is weakly k-linked.
387
If x = (x 1 , x 2 , . . . , x k ) and y = (y 1 , y 2 , . . . , y k ) are sequences of (not necessarily dis-388 tinct) vertices in graph G, then an xy-linkage is a set {P 1 , P 2 , . . . , P k } of pairwise edge-389 disjoint paths in G such that, for i = 1, 2, . . . , k, P i is an x i y i -path.
390
Before we prove Theorem 1.3, we require extensions of the theorems of Mader and 
396
Proof of Theorem 1.3. Let x and y be any sequences of k (not necessarily distinct) 397 vertices of G. Let A be the set of vertices that occur in x and y.
398
Let S be a finite set of vertices containing A. There is a unique infinite component K
399
of G − S. Let P be a largest set of pairwise edge-disjoint, 1-way infinite paths (or rays),
400
that begin with an edge in δ(V (K)) and are otherwise contained in K. It is a standard 401 fact that there is a finite set S containing S such that |δ(S )| = |P|. We are interested 402 only in S , which we relabel as S, and restrict the rays in P to begin at their edge in 403 δ(S ).
404
Because G is (k + 2)-edge-connected, |δ(S)| ≥ k + 2. We consider three cases.
405
Case 1: |δ(S)| = k + 2. L . Simplifying the resulting walks as needed, we convert L into a weak xy-linkage in G.
412
Case 2: |δ(S)| is odd and at least k + 4.
413
In this case, let e be any edge of δ(S) and let G = G − e. Now G is (k + 1)-edge-
414
connected and |δ(S)| is even. We now proceed as in Case 3.
415
Case 3: |δ(S)| is even.
416
In this case, we need only that G is (k + 1)-edge-connected (so Case 2 continues 2. for i = 1, 2, . . . , |δ(S)|/2, there is a path P i joining e i and e i with only its end vertices 423 and e i , e i not in G − S such that P i is edge-disjoint from P 1 ∪ · · · ∪ P i−1 and from 424 all the rays in P containing e i+1 , e i+1 , . . . , e |δ(S)|/2 , e |δ(S)|/2 .
425
Suppose we have the pairs {e 1 , e 1 }, . . . , {e i−1 , e i−1 } and paths P 1 , . . . , P i−1 . We show 426 the existence of {e i , e i } and P i .
427
Set δ i (S) to be δ(S)\{e 1 , e 1 , . . . , e i−1 , e i−1 }. These are the edges in G−{e 1 , e 1 , . . . , e i−1 , 428 e i−1 } having precisely one end in S. Let P i denote the paths in P that do not contain 429 any of the edges in {e 1 , e 1 , . . . , e i−1 , e i−1 }.
430
There are two graphs with vertex set δ i (S) that are relevant to completing the proof.
431
In the end graph E i , distinct edges e, e in δ i (S) are adjacent if there are infinitely 432 many vertex-disjoint paths in G − S that: (i) join the two paths in P i containing e and 
436
L i is a complete multipartite graph. Therefore, its complement is disconnected.
437
Since E i is connected, there is an edge e i e i of E i that is not in the complement of L i ; 438 that is, e i e i is an edge of L i . This is the required next pair of edges.
439
Let Q and Q be the rays in P containing e i and e i , respectively. Because e i e i is an
440
edge of E i , there are infinitely many vertex-disjoint paths in G joining Q and Q that are 441 edge-disjoint from the other rays in P i . Let P be one of these contained in G − S that 442 is also disjoint from all of the finitely many finite paths P 1 , . . . , P i−1 . Then Q ∪ P ∪ Q 443 contains a path P i containing e i , and e i . This is the required next path.
444
The choices of the lifts {e i , e i } show that G 
446
An occurrence of the lift of {e i , e i } in some path in Q can be replaced by P i . This
447
converts Q into an xy-linkage in G, as required. 
